On the maximal scarring for quantum cat map eigenstates by Faure, Frederic & Nonnenmacher, Stephane
ar
X
iv
:n
lin
/0
30
40
31
v1
  [
nli
n.C
D]
  1
6 A
pr
 20
03
ON THE MAXIMAL SCARRING FOR QUANTUM CAT MAP
EIGENSTATES
FRÉDÉRIC FAURE AND STÉPHANE NONNENMACHER
Abstrat. We onsider the quantized hyperboli automorphisms on the 2-dimensional
torus (or generalized quantum at maps), and study the loalization properties of their
eigenstates in phase spae, in the semilassial limit. We prove that if the semilassial
measure orresponding to a sequene of normalized eigenstates has a pure point omponent
(phenomenon of strong sarring), then the weight of this omponent annot be larger
than the weight of the Lebesgue omponent, and therefore admits the sharp upper bound
1/2.
1. Introdution
We are interested in the semilassial properties of quantummaps on the two-dimensional
torus T
2
, that is the unitary transformations Mˆh whih quantize a sympleti map M
on T2 (h = 2π~ is Plank's onstant). More preisely, we fous of maps M having a
haoti dynamis (that is, at least ergodi w.r.to the Lebesgue measure), and investigate
the phase spae properties of the eigenstates of Mˆh in the semilassial limit h → 0. To
any sequene of eigenstates {|ψh〉}h→0 orresponds a sequene of probability measures on
the torus {µh}h→0. In the weak-∗ topology, the set of Borel probability measures on the
torus is ompat so the sequene {µh}h→0 admits at least one aumulation point µ; suh
a µ is alled a semilassial measure (also a quantum limit) of the map M , related with
the sequene {|ψh〉}h→0. From Egorov's theorem, the measure µ is invariant through the
lassial map M . A natural question is the following:
For any M-invariant probability measure ν, does there exist a sequene of
eigenstates of the quantized map Mˆh admitting ν as semilassial measure ?
If the answer is negative, then one wants to determine the set of semilassial measures
generated by all possible sequenes of eigenstates.
If the map M is ergodi (w.r.to the Lebesgue measure on T2), it admits a unique abso-
lutely ontinuous invariant measure, namely the Lebesgue measure itself (whih is also the
Liouville measure on the sympleti manifold T
2
). On the other hand, eah periodi orbit
of M supports an invariant Dira (atomi, pure point) measure. As a result, if M is an
Anosov map (i.e. uniformly hyperboli on T2), the spae of invariant pure point measures
is innite-dimensional (its losure yields the full set of invariant probability measures MM
[19℄).
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We now review some results obtained so far on this issue. Shnirelman's theorem pro-
vides a partial answer to the above question, in the ase of an ergodi map: almost all se-
quenes of eigenstates admit for semilassial measure the Lebesgue measure [18, 5, 21, 3℄.
This phenomenon is alled quantum ergodiity in the mathematis literature. Still, this
theorem does not exlude exeptional sequenes of eigenstates onverging to a dierent
semilassial measure.
Extensive numerial studies have shown that many eigenstates of quantum hyperboli
systems show an enhaned onentration on one or several (unstable) periodi orbits [9℄.
Still, it is ommonly believed that this enhanement (alled sarring) is weak enough to
allow the onerned eigenstates to onverge (in the weak-∗ sense) to the Liouville measure.
Thus, sarring must not be mistaken with strong sarring, that is the existene of a
sequene of eigenstates, the semilassial measure of whih ontains a pure point omponent
on some periodi orbit.
Quantum unique ergodiity, that is, the absene of any exeptional sequene of eigen-
states, was proven for some families of ergodi linear paraboli maps on T2 [3, 15℄, using
the fat that for these maps the Lebesgue measure is the unique invariant measure. On
the opposite, a speial lass of ergodi pieewise ane transformations on T2 have been
studied and quantized in [4℄, for whih every lassial invariant measure is a semilassial
measure. In both these ases, the maps are only weakly haoti, in partiular they are
not mixing and have no periodi point.
In the ontinuous-time framework, preise results have been obtained for the eigenstates
of the Laplae-Beltrami operator on arithmeti manifolds of onstant negative urvature in
dimension 2 or 3 [17, 13, 16, 10℄; the orresponding lassial dynamis, namely the geodesi
ows on the manifolds, are known to be of Anosov type. E. Lindenstrauss [12℄ reently
proved quantum unique ergodiity for sequenes of joint eigenstates of the Laplaian and
the Heke operators on arithmeti surfaes (all eigenstates of the Laplaian are onjetured
to be of this type).
In this paper, we restrit ourselves to a very speial family of Anosov maps on the torus,
namely the linear hyperboli automorphisms of the 2-torus, also alled generalized Arnold's
at maps. For any automorphism A of the form A ≡ Id mod 4 and any value of h, Rudnik
and Kurlberg have dened a family of Heke operators ommuting with the quantum
map Aˆh, and proven unique quantum ergodiity for the sequenes of joint eigenstates [11℄.
However, as opposed to the ase of arithmeti surfaes, many eigenstates of Aˆh are not
Heke eigenstates, leaving open the possibility of exeptional sequenes. In [2℄, Bonehi
and De Bièvre have shown that for any automorphism A, a semilassial measure of A
annot be ompletely loalized (or ompletely sarred), in that the weight of its pure
point omponent is bounded above by
(√
5− 1) /2 ≃ 0.62 (their proof, whih assumes
this omponent to be supported on nitely many periodi points, also applies to ergodi
automorphisms on higher-dimensional sympleti tori). In [7℄, sequenes of eigenstates
of Aˆh were expliitly onstruted, for whih the semilassial measure has a pure point
omponent of weight 1/2 loalized on a nite set of periodi orbits, the remaining part of
the measure being Lebesgue. In this paper we improve the results of [2℄ as follows:
ON THE MAXIMAL SCARRING FOR QUANTUM CAT MAP EIGENSTATES 3
Theorem 1.1. Let A be a hyperboli automorphism of T2, and µ be a normalized semi-
lassial measure of A. Splitting µ into its pure point, Lebesgue and singular ontinuous
omponents, µ = µpp + µLeb + µsc, the following inequalities hold between the weigths of
these omponents: µLeb(T
2) ≥ µpp(T2), whih implies µpp(T2) ≤ 1/2.
The states onstruted in [7℄ saturate this upper bound: they are maximally sarred.
After realling the denition of the quantized automorphisms (Setion 2), we prove in
Setion 3 two dynamial propositions (the rst one was proven in [2℄ in a more general
ontext). They both deal with the evolution through Aˆh up to the Ehrenfest time T ∼
| log h|/λ, of quantum states with presribed initial loalization properties. Using these
propositions, we then show in Setion 4 that for any nite union S of periodi orbits,
any semilassial measure µ of A satises µ(S) ≤ µLeb(T2) (Theorem 4.1), from where the
above theorem is a straightforward orollary. In nal remarks, we draw onsequenes of the
above theorem, onerning the determination of the set MA,SC of semilassial measures
for the automorphism A. We also disuss possible extensions of these results to a broader
lass of Anosov systems.
2. Quantum hyperboli automorphisms on T
2
2.1. Quantum mehanis on T2. We briey desribe the quantum mehanis on the 2-
torus phase spae as dened in [8, 6℄. The Hilbert spae of quantum states orresponding to
Plank's onstant h will be alled Hh: quantum states an be identied with distributions
ψ(q) ∈ S ′(R) suh that ψ(q + 1) = ψ(q) and (Fψ)(k + h−1) = (Fψ)(k), where F is the
Fourier transform. Hh is a nontrivial vetor spae i h−1 ∈ N∗, and then Hh ≃ Ch−1.
In what follows, h will always be taken of that form; the semilassial limit is therefore
dened as the limit h→ 0, h−1 ∈ N.
For any lassial observable f ∈ C∞(T2), we note respetively fˆ = Oph(f) its Weyl
quantization and fˆAW = OpAWh (f) its anti-Wik quantization on Hh [3℄. The anti-Wik
quantized operator satises the property ‖fˆAW‖ ≤ ‖f‖∞ = supT2(|f |). To any state
|ψh〉 ∈ Hh orrespond the Wigner and Husimi measures µ˜h, µh dened as [3℄
µ˜h(f) =
∫
T2
dxWψh(x) f(x) = 〈ψh|fˆ |ψh〉,(2.1)
µh(f) =
∫
T2
dxHψh(x) f(x) =
∫
T2
dx
h
|〈ψh|x〉|2 f(x) = 〈ψh|fˆAW |ψh〉.(2.2)
The ket |x〉 denotes the (asymptotially normalized) oherent state in Hh loalized at the
point x = (q, p), with widths ∆q ∼ ∆p ∼ √~/2. While the Husimi density Hψh(x) is a
non-negative smooth funtion on T2, the Wigner funtion Wψh(x) is a nite ombination
of delta peaks with real (possibly negative) oeients.
We now onsider an innite sequene of states {|ψh〉 ∈ Hh}h→0. By denition, the
orresponding sequene of Husimi measures {µh} weak-∗ onverges to µ i for any smooth
observable f , one has µh(f)
h→0−−→ µ(f). The sequene of signed measures {µ˜h} then admits
the same weak-∗ limit (µh is the onvolution of µ˜h by a Gaussian kernel of width ∼
√
~).
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The limit (Borel) measure µ is then alled the semilassial measure of the sequene
{|ψh〉}h→0 (by a slight abuse of language, we also say that the sequene of states {|ψh〉}h→0
onverges to µ).
If the states |ψh〉 are (normalized) eigenstates of a quantized map Mˆh, then µ is alled a
semilassial measure for M . In that ase, Egorov's property, that is the semilassial
ommutation of time evolution and quantization:
(2.3) ∀t ∈ Z, ‖Mˆ thOph(f)Mˆ−th −Oph(f ◦M t)‖ h→0−−→ 0,
implies that µ is an invariant measure for the lassial map M .
A sequene of states {|ψh〉}h→0 is said to be equidistributed if it onverges semilassi-
ally to (a multiple of) the Lebesgue measure on T2 (noted dx), i.e. i for a ertain C > 0
and for any observable f , µh(f) (equivalently µ˜h(f)) onverges to C
∫
T2
dx f(x). On the
opposite, a sequene {|ψh〉}h→0 is alled loalized i it onverges to a pure point measure
on T2, that is if there exists a ountable set of points {xi} and weights αi > 0,
∑
i αi <∞
suh that for any observable f , µh(f)
h→0−−→∑i αif(xi).
2.2. Quantum hyperboli automorphisms. An automorphism of T2, or generalized
at map, is the dieomorphism on T
2
dened by the ation of a matrix A ∈ SL(2,Z)
on the point x =
(
q
p
) ∈ T2. The map itself will also be denoted by A. It is uniformly
hyperboli on T2 (therefore of Anosov type) i |tr(A)| > 2. Depending on the sign of the
trae, the eigenvalues of A are of the form {±eλ, ±e−λ}, where λ > 0 is the Lyapounov
exponent. The orresponding eigenaxes dene the unstable/stable diretions at any point
x ∈ T2, and their projetions on the torus make up the unstable and stable manifolds of
the origin (whih is an obvious xed point). We will use the property that the slopes of
these axes are irrational, so that both manifolds are dense on T2.
Under the ondition A ≡
(
1 0
0 1
)
or
(
0 1
1 0
)
mod 2, the linear automorphism A an be
quantized on any Hh, yielding a unitary matrix Aˆh of dimension h−1 [8, 6℄. For simpliity,
we will assume in the following setions that A is of that form. Yet, this restrition an
easily be lifted: any matrix A ∈ SL(2,Z) an be quantized on Hh if we restrit h−1 to take
even values, or extend the denition of Hh to allow nontrivial Bloh angles [6, 3℄. All
our results an be straightforwardly generalized to those ases.
Let us all Tv the lassial translation by the vetor v ∈ R2. It an be naturally quantized
as a unitary matrix Tˆv on Hh i v belongs to the square lattie (hZ)2, that is i v = hk
for a ertain k ∈ Z2. The operator Tˆhk an also be interpreted as the Weyl quantization
Oph(Fk) of the omplex-valued observable Fk(q, p) = exp
(− 2πi(k1p− k2q)) on T2.
For any h, the following intertwining relation holds between the quantum automorphism
Aˆh and the quantized translations:
(2.4) ∀k ∈ Z2, AˆhTˆhkAˆ−1h = TˆhAk ⇐⇒ AˆhOph(Fk) Aˆ−1h = Oph(Fk ◦ A−1).
Comparing with Eq. (2.3), we see that the above identity realizes an exat Egorov property:
quantization exatly ommutes with time evolution, for arbitrary times t and arbitrary h
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[8℄. This exat equality is harateristi of linear maps, and will be ruial in the next
setions.
3. Loalized states evolve into equidistributed states
We dene the Ehrenfest time or log-time orresponding to the quantum map Aˆh by
T =
[ |log h|
λ
]
,
where [.] denotes the integer part (we will always omit to indiate the h-dependene of T ).
Consider a set of n points S = {xi}i=1→n on T2, suh that for a ertain integer d > 0,
all vetors (xi − xj) belong to the lattie 1dZ2. Assign to eah point xi a weight αi > 0,
with
∑
i αi = 1, and dene the Dira probability measure δS,α =
∑n
i=1 αi δxi on the torus.
Proposition 3.1. Suppose that a sequene of states {|ϕh〉 ∈ Hh}h→0 onverges to the mea-
sure δS,α. Then the sequene of states {|ϕ′h〉 = AˆTh |ϕh〉} is semilassially equidistributed.
This property has been proven in a more general setting (higher dimensional automor-
phisms, time T replaed by a time interval) in [2, Theorem 5.1℄. To be self-ontained, we
give below a fast proof of this proposition for our ase.
Proof. As a rst step, we draw onsequenes from the assumption µh
h→0−→ δS,α, where µh
is the Husimi measure of |ϕh〉. Denoting by D(xi, a) the disk of radius a > 0 entered
at xi, and by D(S, a) def= ∪ni=1D(xi, a) the orresponding neighbourhood of S, the weak-∗
onvergene of µh implies that µh(T
2)
h→0−→ 1 and that for any a > 0, µh
(
T2\D(S, a)) h→0−→ 0.
From a standard diagonal argument, one an then onstrut a dereasing sequene ah > 0,
ah
h→0−→ 0 suh that
(3.1) |µh
(
T
2
)− 1| ≤ ah and µh(T2 \D(S, ah)) ≤ ah.
In a seond step, we remark that proving the equidistribution of the sequene {|ϕ′h〉}
amounts to prove that for any xed k ∈ Z2,
(3.2) µ˜′h(Fk) = 〈ϕ′h|Tˆhk|ϕ′h〉 h→0−−→
∫
T2
Fk(x) dx = δk,0.
The ase k = 0 is obvious sine µ˜′h(T
2) = µ˜h(T
2) = µh(T
2)
h→0−→ 1 by assumption. We now
selet a xed wave vetor 0 6= k ∈ Z2, and study the above LHS. The intertwining relation
(2.4) allows us to rewrite it as
(3.3) 〈ϕ′h|Tˆhk|ϕ′h〉 = 〈ϕh|Aˆ−Th TˆhkAˆTh |ϕh〉 = 〈ϕh|Tˆhk′h|ϕh〉,
with the vetor k
′
h = A
−T
k. From the denition of the Ehrenfest time, the `large' eigen-
value of A−T is (±eλ)T = ±C(h) 1
h
, where the prefator satises e−λ ≤ C(h) ≤ 1. The
deomposition of that vetor in the eigenbasis of A then reads:
(3.4) hk′h = ±eλThkstable ± e−λThkunstable = ±C(h)kstable +O(h2).
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The vetor hk′h thus has a nite length (bounded from above and from below uniformly
in h), and is asymptotially parallel to the stable axis. Beause the slope of that axis
is irrational, the distane between hk′h and the lattie
1
d
Z2 is bounded from below by a
onstant c(k) > 0 uniformly w.r.to h.
To nish the proof, we write the above overlap as a oherent state integral:
(3.5) |〈ϕh|Tˆhk′
h
|ϕh〉| =
∣∣∣∣
∫
T2
dx
h
〈ϕh|x〉〈x|Tˆhk′
h
|ϕh〉
∣∣∣∣ ≤
∫
T2
dx
h
|〈x|ϕh〉| |〈x− hk′h|ϕh〉|,
We then split the integral on the RHS between D(S, ah) and its omplement. The integral
on D(S, ah) is estimated through a Cauhy-Shwarz inequality:∫
D(S,ah)
dx
h
|〈x|ϕh〉| |〈x− hk′h|ϕh〉| ≤
√
µh
(
D(S, ah)
)
µh
(
D(S, ah)− hk′h
)
.
Due to above-mentioned property of hk′h and the fat that xi−xj ∈ 1dZ2, for small enough
ah the set D(S, ah) − hk′h has no intersetion with D(S, ah). As a onsequene, using
(3.1), the seond fator on the RHS is bounded above by
√
ah, and the full RHS by√
ah(1 + ah). The remaining integral over T
2\D(S, ah) admits the same upper bound for
similar reasons. 
Proposition 3.2. Let (S, α) be a nite weighted set of A-periodi points, and ν an A-
invariant probability measure satisfying ν(S) = 0. Suppose that the sequene {|ϕS,h〉}h→0
onverges semilassially to the measure δS,α, and that a seond sequene {|ϕν,h〉}h→0 on-
verges to ν. Then the states |ϕ′S,h〉 = AˆTh |ϕS,h〉, |ϕ′ν,h〉 = AˆTh |ϕν,h〉 satisfy:
∀k ∈ Z2, 〈ϕ′S,h|Tˆhk|ϕ′ν,h〉 h→0−−→ 0.
Proof. We use similar methods as for the previous proposition. Namely, as in Eq. (3.3) we
rewrite the overlap as
(3.6) 〈ϕ′S,h|Tˆhk|ϕ′ν,h〉 = 〈ϕS,h|Tˆhk′h|ϕν,h〉 =
∫
T2
dx
h
〈ϕS,h|x〉〈x|Tˆhk′
h
|ϕν,h〉
with hk′h given by Eq. (3.4). We want to ut this integral into two parts. Using the same
notations as above, the assumptions of the proposition imply the existene of a dereasing
sequene ah
h→0−−→ 0 suh that the Husimi mesures of ϕS,h and ϕν,h satisfy
µS,h
(
T
2 \D(S, ah)
) ≤ ah, µS,h(T2) ≤ 1 + ah and µν,h(T2) ≤ 1 + ah.
These inequalities also hold if we replae ah by any dereasing sequene bh ≥ ah, bh → 0.
We an now bound the part of the integral (3.6) over the set T2\D(S, bh):∣∣∣∣
∫
T2\D(S,bh)
dx
h
〈ϕS,h|x〉〈x|Tˆhk′
h
|ϕν,h〉
∣∣∣∣ ≤
√
µS,h
(
T2\D(S, bh)
)
µν,h
(
T2
)
≤
√
bh(1 + bh)
h→0−−→ 0.
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The seond part of the integral is also estimated by Cauhy-Shwarz:∣∣∣∣
∫
D(S,bh)
dx
h
〈ϕS,h|x〉〈x|Tˆhk′
h
|ϕν,h〉
∣∣∣∣ ≤
√
µS,h
(
T2
)
µν,h
(
D(S, bh)− hk′h
)
.
We now show that the sequene bh an be hosen suh that the seond fator under the
square root vanishes in the semilassial limit, so that the full RHS vanishes as well.
Indeed, using Eq. (3.4) and the bound on C(h), one realizes that for h small enough, the
set D(S, bh)− hk′h is ontained in the thin tube
Tbh
def
= D(S, 2bh) +
(
[−1,−e−λ] ∪ [e−λ, 1])kstable.
As bh → 0, this tube dereases to T0 = S +
(
[−1,−e−λ]∪ [e−λ, 1])kstable, that is a union of
segments of the stable manifold. The following simple lemma is proven in Appendix B.
Lemma 3.3. For any invariant probability measure ν, any nite set of periodi points S
and any 0 < a < b < ∞, one has ν(S + [a, b]estable) = 0, where estable is a unit vetor in
the stable diretion.
This lemma implies that ν(T0) = 0. Sine bh ց 0, the regularity of the Borel measure ν
entails:
lim
bh→0
ν(Tbh) = ν(T0) = 0.
Sine by assumption the Husimi measures µν,h onverge towards ν, one an by a diagonal
argument hoose the sequene bh ց 0 (making sure that bh ≥ ah) suh that:
µν,h
(
Tbh
) h→0−−→ 0.
This nally implies that µν,h
(
D(S, bh)− hk′h
) h→0−−→ 0. 
4. Maximal loalization of the semilassial measures
We all τ a periodi orbit of A of period Tτ , and denote its assoiated measure by
δτ =
1
Tτ
∑
x∈τ
δx.
We onsider a nite set F of periodi orbits, assoiate a weight wτ > 0 to eah orbit
(
∑
τ∈F wτ = 1), and onstrut the pure point invariant measure
δF ,w =
∑
τ∈F
wτ δτ .
All periodi points of A have rational oordinates, so this measure is a partiular instane
of the measure δS,α onsidered in Proposition 3.1. Indeed, grouping the periodi orbits
of F together yields the set of rational points S = SF = ∪τ∈Fτ = {x1, . . . , xn}, and the
weight alloated to eah point xi reads αi =
wτ
Tτ
. From now on, the two notations δF ,w
and δS,α will refer to the same invariant measure. We now state the entral result of this
artile.
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Theorem 4.1. Let µ be a normalized A-invariant Borel measure of A, and (F , w) a nite
weighted set of periodi orbits. µ may be deomposed into µ = βδF ,w + (1 − β)ν, where ν
is a normalized invariant measure satisfying ν(SF ) = 0. If µ is a semilassial measure of
A, then its Lebesgue omponent has a weight ≥ β, whih in turn implies β ≤ 1/2.
Any invariant Borel measure µ ∈ MA an obviously be deomposed in the above way,
with 0 ≤ β ≤ 1. We do not assume the measure ν to be ontinuous, but allow it to ontain
a pure point omponent loalized on a (possibly ountable) set of periodi orbits disjoint
with F . The statement of the theorem is of ourse stronger if we inlude in (F , w) as
many orbits as possible. By a simple limit argument, one may eventually take for ν the
ontinuous omponent of µ, allowing (F , w) to be a ountable weighted set of orbits (still
taking
∑
τ∈F wτ = 1): one then obtains Theorem 1.1 as a simple orollary of the one above.
Proof of Theorem 4.1: There are two steps in the proof. Let {|ψh〉}h→0 be a sequene of
eigenstates of Aˆh admitting µ as semilassial measure. Our rst objetive is to deompose
the state |ψh〉 into |ψS,h〉+ |ψν,h〉, suh that the sequene {|ψS,h〉} (resp. {|ψν,h〉}) onverges
to the measure βδS,α (resp. the measure (1 − β)ν). This deomposition will be obtained
by projeting |ψh〉 on appropriate (h-dependent) small neighboorhoods of S.
In the seond part we will be guided by the following simple idea. Beause |ψh〉 is an
eigenstate of Aˆh, |ψh〉 ∝ Aˆth|ψh〉 = Aˆth|ψS,h〉 + Aˆth|ψν,h〉 for any t ∈ Z, in partiular for
the Eherenfest time t = T . From Proposition 3.1, the sequene of states {AˆTh |ψS,h〉} is
equidistributed; together with Proposition 3.2, that implies that the semilassial measure
of AˆTh |ψh〉 (that is, µ) ontains a Lebesgue part of weight ≥ β.
First part: splitting the eigenstates. To projet the eigenstates in a small neigh-
bourhood of S, we will use a funtion ϑ ∈ C∞(R2) satisfying 0 ≤ ϑ(x) ≤ 1 on R2, ϑ(x) = 0
outside the disk D(0, 2) and ϑ(x) = 1 inside the disk D(0, 1).
For any (small) r > 0, and any point xi ∈ S, let ϑi,r(x) =
∑
n∈Z2 ϑ
(
x−xi−n
r
)
, whih an
be seen as a smooth funtion on T2, loalized around xi. We will also need the funtion
ϑr =
∑n
i=1 ϑi,r to take all points of S into aount: this funtion is supported in the
neighbourhood D(S, 2r) of S. There is an r0 > 0 suh that the disks D(xi, 2r0) do not
overlap eah other, whih implies ϑi,rϑj,r ≡ 0 if i 6= j.
Fixing 0 < r ≤ r0, we onsider the anti-Wik quantization of these funtions, ϑˆAWi,r and
use them to deompose |ψh〉. We rst observe that for any xi ∈ S,
〈ψh|ϑˆAWi,r |ψh〉 h→0−−→ βδS,α(ϑi,r) + (1− β)ν(ϑi,r) = βαi + (1− β)ν(ϑi,r).
Furthermore, one has for any pair xi, xj ∈ S,
〈ψh|ϑˆAWi,r ϑˆAWj,r |ψh〉 h→0−−→ βδS,α(ϑi,rϑj,r) + (1− β)ν(ϑi,rϑj,r) = δij
(
βαi + (1− β)ν(ϑ2i,r)
)
.
On the other hand, the regularity of the (Borel) measure ν entails:
∀xi ∈ S, ν(ϑi,r) r→0−−→ ν(S) = 0 and similarly ν(ϑ2i,r) r→0−−→ 0.
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From the above limits, one an onstrut by a diagonal argument a dereasing sequene of
radii r(h)
h→0−→ 0 suh that
(4.1) ∀xi, xj ∈ S, 〈ψh|ϑˆAWi,r(h)|ψh〉 h→0−−→ βαi and 〈ψh|ϑˆAWi,r(h)ϑˆAWj,r(h)|ψh〉 h→0−−→ δijβαi.
We now show that the two sequenes of vetors
(4.2) |ψS,h〉 def= ϑˆAWr(h)|ψh〉, |ψν,h〉 def=
(
Id− ϑˆAWr(h)
)|ψh〉
provide the desired deomposition of |ψh〉, that is the orresponding sequenes respetively
onverge to the measures βδS,α and (1 − β)ν. The rst statement µS,h h→0−→ βδS,α seems
quite natural: the operator ϑˆAWr(h) ats as a miroloal projetor onto the set S. This
property is preisely expressed in the following lemma, whih we prove in Appendix A.
Lemma 4.2. For any f ∈ C∞(T2) and for any xi ∈ S, one has
‖fˆAW ϑˆAWi,r(h) − f(xi) ϑˆAWi,r(h)‖ h→0−−→ 0,
where ‖.‖ is the operator norm on Hh.
This lemma together with the properties (4.1) immediately yield the required limits:
∀f ∈ C∞(T2), 〈ψS,h|fˆAW |ψS,h〉 h→0−−→
∑
i
βαif(xi) = βδS,α(f),(4.3)
〈ψν,h|fˆAW |ψν,h〉 h→0−−→ µ(f)− βδS,α(f) = (1− β)ν(f).(4.4)
Seond part: playing with time evolution. We will follow a strategy lose to the
one used to prove Proposition 3.1. We onsider a xed k ∈ Z2, and fous on the overlap
〈ψh|Tˆhk|ψh〉. From the semilassial assumption on {|ψh〉}, one has
(4.5) 〈ψh|Tˆhk|ψh〉 h→0−−→ µ(Fk) = βδS,α(Fk) + (1− β)ν(Fk).
On the other hand, sine |ψh〉 = |ψS,h〉+ |ψν,h〉 is an eigenstate of Aˆh, one may rewrite
〈ψh|Tˆhk|ψh〉 = 〈ψh|Aˆ−Th Tˆhk AˆTh |ψh〉(4.6)
= 〈ψ′S,h|Tˆhk|ψ′S,h〉+ 2ℜ
(
〈ψ′ν,h|Tˆhk|ψ′S,h〉
)
+ 〈ψ′ν,h|Tˆhk|ψ′ν,h〉,(4.7)
with the notation |ψ′S,h〉 = AˆTh |ψS,h〉, |ψ′ν,h〉 = AˆTh |ψν,h〉 and T is the Ehrenfest time. We
are now in position to ollet the dynamial results of Setion 3:
• From the asymptoti loalization (4.3) of |ψS,h〉 and Proposition 3.1, the rst term
in (4.7) onverges to βdx(Fk) = βδk,0 as h→ 0.
• From the properties (4.3-4.4) and Proposition 3.2, the ross-terms in (4.7) vanish
in the semilassial limit: 〈ψ′ν,h|Tˆhk|ψ′S,h〉 h→0−−→ 0.
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Using Eq. (4.5), the last term in (4.7) has therefore the semilassial behaviour
〈ψ′ν,h|Oph(Fk)|ψ′ν,h〉 h→0−−→ µ(Fk)− βdx(Fk).
Sine this limit holds for any k ∈ Z2, it means that the the sequene {|ψ′ν,h〉}h→0 admits
the semilassial measure µ − βdx. Beause semilassial measures are limits of Husimi
measures, they annot ontain any negative part. Therefore, µ − βdx must be a posi-
tive measure, whih implies that the Legesgue omponent of µ has a weight ≥ β. This
omponent being ontained in (1− β)ν, one has nally (1− β) ≥ β ⇔ β ≤ 1/2. 
5. Remarks and omments
5.1. On the set of semilassial measures. Theorem 1.1 onstrains the set of semilas-
sial measures MA,SC to be a proper subset of the set MA of invariant Borel measures. One
an easily show that MA,SC is a losed set of MA. Indeed, if for any n > 0 the sequene
Sn = {|ψh,n〉}h→0 onverges towards a normalized semilassial measure µn, and that in
turn the measures µn weak-∗ onverge to a measure µ, then one an extrat a funtion
n(h)
h→0−→∞ suh that {|ψh,n(h)〉}h→0 onverges to µ.
Every open neighbourhood of MA ontains a pure point measure of type δτ (τ a periodi
orbit) [19, 14℄, therefore Theorem 1.1 implies that the set MA,SC is nowhere dense in MA
(i.e. its interior is empty).
On the other hand, the results of [7℄ show that MA,SC ontains all measures of the type
δτ+dx
2
. Sine the measures {δτ} are dense in MA and the set MA,SC is losed, this implies
∀ν ∈MA, ν + dx
2
∈MA,SC.
This inlusion together with the onstraint imposed by Thm. 1.1 do not sue to fully
identify the set MA,SC. We do not know if a singular ontinuous invariant measure ν an
be a semilassial measure. The set of invariant ontinuous measures is dense in MA [19℄,
so in any ase MA,SC annot ontain all ontinuous invariant measures.
5.2. About the Ehrenfest time. Proposition 3.1 means that any sequene of loalized
states {|ϕh〉}h→0 evolves towards a sequene of equidistributed states at the Ehrenfest
time T = | log h|
λ
+ O(1). To ahieve this goal, the prefator 1/λ dening T is ruial, and
annot be modied without stronger assumptions on the loalization of |ϕh〉. Indeed, for
any ǫ > 0, one an onstrut a sequene of states |ϕh〉 semilassially loalized at the
origin, suh that the evolved states |ψh〉 = Aˆ(1−ǫ)T |ϕh〉 are still loalized at the same point.
Expliitly, onsider the oherent state at the origin |0〉 = |0〉h, and take the sequenes
|ϕh〉 def= Aˆ−(1−ǫ)T/2h |0〉, |ψh〉 = Aˆ(1−ǫ)Th |ϕh〉 = Aˆ(1−ǫ)T/2h |0〉.
At the mirosopi sale, the states |ϕh〉 and |ψh〉 are very dierent: the former is strethed
along the stable axis, the latter along the unstable axis. However, the length of both
states is of the order hǫ/2, so this dierene of shape is invisible at the measure-theoreti
level, and both sequenes admit the semilassial measure δ0.
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On the other hand, there exist an innite sequene of Plank's onstants h−1k ∈ N,
hk → 0 suh that starting from the states {|ψhk〉} dened above (loalized at the origin),
the evolved states {Aˆ(1+ǫ)T |ψhk〉} are loalized at the origin as well. These speial values of
h orrespond to short quantum periods of the quantized at map [1℄. Let us remind that
for any h−1 ∈ N, the quantum at map Aˆh is periodi, meaning that there exists Ph ∈ N
and θh ∈ [0, 2π] suh that AˆPhh = eiθhIdh [8℄. Besides, there exists an innite subsequene
hk → 0 for whih these periods are as short as Phk = 2Thk +O(1). As a result, one has
Aˆ
(1+ǫ)T
hk
|ψhk〉 = Aˆ3(1+ǫ)T/2hk |0〉 = eiθhk Aˆ
3(1+ǫ)T/2−Pk
hk
|0〉 = eiθhk Aˆ(−1+ǫ)T/2+O(1)hk |0〉.
The state on the RHS is lose to |ϕhk〉 at the mirosopi level, and therefore admits δ0 for
semilassial measure. In onlusion, the time (1 − ǫ)T would be too short, and (1 + ǫ)T
too long to produe transition loalized→equidistributed desribed in Prop. 3.1.
5.3. More general maps? Proposition 3.1 an be extended to a broad lass of quantized
ergodi automorphisms on tori of dimension 2d with d > 1 [2, Thm. 5.1℄. The preise
onditions on the automorphism A for the proposition to be satised are the following:
(1) A is ergodi (yet not neessarily hyperboli), meaning that none of its eigenvalues
is a root of unity.
(2) A does not leave invariant any non-trivial proper sublattie of Z2d.
(3) Let eλ be the module of the largest eigenvalue(s) of A and Eλ the diret sum of
the generalized eigenspaes orresponding to eigenvalues of modulus eλ. Then A
restrited to Eλ must be diagonalizable.
The two last onditions are always satised for ergodi automorphisms in the ase d = 1,
but not neessarily in higher dimension. One easily heks that Proposition 3.2 (and the
Lemma 3.3 it depends on) also holds for higher-dimensional automorphisms satifying the
above onditions.
As opposed to the proof of [2, Thm. 1.2℄, our Thm. 4.1 ruially relies on the two
dynamial propositions of Setion 3, while the remaining ingredient in the proof of the
theorem (namely, the splitting of eigenstates into two parts) an be straightforwardly
transposed to higher dimension. Therefore, Theorems 4.1 and 1.1 also hold in higher
dimension for the lass of ergodi automorphisms desribed above. We do not know if
the upper bound 1/2 is sharp in dimension d > 1; in fat, the periods of the quantized
automorphisms are then >> | log h| (Z. Rudnik, private ommuniation), whih makes
the onstrution of [7℄ irrelevant.
Bak to the 2-dimensional torus, a natural extension of the above results would onern
the perturbations of the linear map A of the form M = e−tXH ◦A, where XH is the vetor
eld generated by a Hamiltonian H ∈ C∞(T2). For t suiently small, this map is still
Anosov. The hallenge onsists in generalizing Propositions 3.1 and 3.2 to those maps,
with an appropriate denition of the Ehrenfest time. The trik (3.3) used in the linear
ase to prove these propositions annot be used for a nonlinear perturbation, the problem
starting from the poor ontrol of Egorov's property (2.3) for times of order T .
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Finally, one may also try to prove a similar property for haoti ows, e.g. the geo-
desi ow on a ompat Riemann surfae of negative urvature. In suh a setting, some
interesting results have been reently obtained by R. Shubert, pertaining to the long-time
evolution of Lagrangian states, whih is a rst step towards the proof of Proposition 3.1
in this setting.
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Appendix A. Proof of Lemma 4.2
We start by showing that for x outside a small disk around xi, the state ϑˆ
AW
i,r(h)|x〉 is
asymptotially small (where |x〉 is a torus oherent state at the point x). More preisely,
there exists a sequene of radii R(h) ց 0 suh that, for any xi ∈ S and any sequene of
points {xh ∈ T2} satisfying xh 6∈ D(xi, R(h)), then ‖ϑˆAWi,r(h)|xh〉‖ ≤ h2 for suiently small
h.
First of all, we reall a ouple of estimates on torus oherent states, valid for small
enough h.
• for any x ∈ T2, ‖|x〉‖ ≤ 2.
• for any x, y ∈ T2, one has |〈x|y〉| ≤ 5 exp{π|x− y|2/2h}, where |x− y| denotes the
torus distane between the points x, y.
Now, the operator ϑˆAWi,r(h) is a ombination of projetors |x〉〈x| for points x in the disk
D(xi, 2r(h)). Therefore, takingR(h) = 2r(h)+
√
2h|log h| will do the job: any xh 6∈ D(xi, R(h))
and any x ∈ D(xi, 2r(h)) satisfy |x − xh| ≥
√
2h|log h|, whih implies for h small enough
|〈x|xh〉| ≤ 5 exp(−2πh|log h|/2h) ≤ h3. One nally gets
‖ϑˆAWi,r(h)|xh〉‖ ≤
∫
D(xi,2r(h))
dx
h
‖|x〉‖ |〈x|xh〉| ≤ 2h2 V ol(D(xi, 2r(h))) ≤ h2.
We are now in position to estimate the operator produt
fˆAW ϑˆAWi,r(h) =
∫
T2
dy
h
|y〉f(y)〈y| ϑˆAWi,r(h)
by separating the integral into two parts. On the one hand, the integral over T2\D(xi, R(h))
is bounded above by 2h‖f‖∞ from the above results. On the other hand, onD(xi, R(h)) the
funtion f(y) is equal to the funtion f(xi)+gh(y), where gh(y)
def
= (f(y)−f(xi))ϑi,R(h)(y).
Sine gh(y) is uniformly bounded on T
2
, the same arguments as above yield
fˆAW ϑˆAWi,r(h) = f(xi)ϑˆ
AW
i,r(h) + gˆ
AW
h ϑˆ
AW
i,r(h) +O(h).
The funtion gh atually dereases uniformly with h due to the smoothness of f :
‖gh‖∞ ≤ sup
|y−xi|≤2R(h)
(|f(y)− f(xi)|) ≤ 2 ‖df‖∞R(h).
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This upper bound also applies to the anti-Wik quantization of gh, so that
‖gˆAWh ϑˆAWi,r(h)‖ ≤ 2‖df‖∞R(h)
h→0−→ 0. 
Appendix B. Proof of Lemma 3.3
We rst replae S by the nite invariant set it generates, S ′ = ∪n∈ZAn(S). We then
want to prove that if I0
def
= S ′+[a, b]estable with 0 < a < b, then ν(I0) = 0 if ν is an invariant
probability measure. Let n0 be an integer suh that ae
λn0 > b. Then, the sets
Ij
def
= Ajn0(I0) = S ′ + [aeλjn0 , beλjn0 ]estable, j ∈ Z
are pairwise disjoint. The invariant measure ν will satisfy for any J ≥ 0:
ν
( J⋃
j=−J
Ij
)
=
J∑
j=−J
ν(Ij) = (2J + 1)ν(I0).
Sine ν(T2) = 1, one must therefore have ν(I0) = 0. 
This lemma an be easily generalized to the ase of the higher-dimensional ergodi toral
automorphisms satisfying the onditions stated in setion 5.3. It an also be extended to
any Anosov map M on T2, the straight segments making up I0 being replaed by segments
of the stable manifolds of a set of periodi points.
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